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We investigate the gravitational lensing eect on the correlation of local maxima (hotspots) in the
cosmic microwave background (CMB). The intrinsic correlation function of hotspots above a certain
threshold has a prominent peak and a damping tail which rapidly drops toward smaller angular scale
than the peak-scale. Then we nd that the gravitational lensing smoothes the oscillatory features of
the correlation function and, as a result, causes the signicant enhancement of power on the damping
tail which strongly depends on the normalization of the small-scale matter fluctuations, i.e., σ8. It
suggests that the correlation of hotspots can provide a sensitive measure of σ8 by observations of
the CMB anisotropies alone. We illustrate this method in the standard cold dark matter (SCDM)
model.
PACS number(s): 95.35.+d,98.62.Sb,98.70.Vc,98.80.Es
The temperature anisotropies of the cosmic microwave background (CMB) provide a wealth of information on the
last scattering surface (LSS) when the universe was still in a linear regime and the physics was simple. Therefore, the
high-precision measurements of the primary CMB anisotropies allow us to determine many fundamental cosmological
parameters to unprecedented precision [1]. On the other hand, the large-scale structure which exists between the
LSS and us causes secondary eects on the CMB anisotropies (Sunyaev-Zel’dovich, Vishniac, the gravitational lensing
eects and so on). In particular, since the gravitational lensing is induced by all gravitational sources, it is not
aected by the uncertainty in the \biasing" problem regarding the extent to which luminous objects trace the mass
distribution. Thus, accurate measurements of the lensing eect on the CMB anisotropies can be a direct and sensitive
probe of the large-scale structure.
The CMB photons are randomly deflected by the gravitational eld induced by the inhomogeneous matter distri-
bution during the propagation from the LSS to us. Then, the fluctuations in relative angular separation between the
two photons in the random line of sight are expected to obey the Gaussian random process on the relevant scales of
the CMB anisotropies [2]. On the other hand, as predicted by most inflationary models, the primary temperature eld
is also Gaussian and independent of the lens potential because the LSS is far from the intervening lenses. Therefore,
the lensing eect on the CMB anisotropies comes from a statistical coupling between the primary anisotropies and
the mass concentration on the line of sight and, as a result, the observed temperature fluctuation eld has a Gaussian
random property. Based on this consideration, many groups have investigated the lensing eects on the two-point
correlation function C() or equivalently the power spectrum Cl of the CMB temperature eld and concluded that
they are small [2{5]. Then, the lensing eects act as a smoothing more strongly in the oscillatory features than
in the flat shape [4,5]. However, since C() is a monotonous decreasing function with respect to , the deviation
C()( (CGL() − C())=C()) induced by the lensing is smaller than 1% on the angular scales  > 50.
Recently, Heavens and Sheth [6] investigated the correlation of the local maxima (hotspots) in the 2-dimensional
CMB sky map extending the BBKS formalism [7,8]. Their purpose was to show that it can be a powerful test of the
Gaussian hypothesis of primary temperature fluctuations. Simultaneously, they showed that the correlation function
of hotspots above a certain threshold, pk−pk(), has oscillatory features and, in particular, a prominent peak with
a damping tail toward the smaller angular scales than the peak-scale which are characterized by Cl. These features
are not obviously present in conventionally used C(). This is because the peak statistics needs more statistical
information about hotspots such as the gradient and second derivative of the temperature fluctuation eld, and the
shape of pk−pk() is more directly aected by the oscillations of Cl. Therefore, as stated above, we strongly expect
the gravitational lensing eect on the oscillatory features of pk−pk() to be more signicant and indeed our results
conrm this. The purpose of this Letter is to investigate the lensing eect on the correlation of hotspots under the
Gaussian assumption of the observed temperature fluctuation eld including the lensing eect. As a result, we show
that it can be a sensitive statistical estimator of the magnitude of mass fluctuations at present which is conventionally
expressed in terms of the rms mass fluctuation within a sphere of 8h−1Mpc, i.e., 8.
The intrinsic temperature correlation function in the context of the small angle approximation [8] is given by
C() = h(θ1)(θ2)i =
R
(ldl=2)S(l)J0(l); where jθ1 − θ2j =  and   T=T . The 2D power spectrum of
the temperature fluctuation eld, S(l), is identical to the conventional angular power spectrum, Cl, in the limit of
l  1. If we consider the gravitational lensing on the CMB photons, the observed temperature fluctuation eld ~(θ)
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at an angular position θ on the celestial sphere corresponds to the intrinsic eld (θ + θ) emitted at a dierent
position θ + θ on the LSS, where θ is the angular excursion due to the lensing. Then the Fourier transform is
~(θ) =
R
d2l=(2)2(l)eil(θ+δθ). Hereafter, let us put tildes on quantities in which the lensing eect is included.
In the following formulation, we often consider the ensemble average of the lensing fluctuations of separation of two
photons, i.e. θ(= θ1−θ2), performed over all pairs with a xed observed angular separation , which is independent
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dPφ(k; )W 2(; rec)J2(k); (2)
where  is a conformal time,   0 −  , and the subscript 0 and \rec" denote values at present and a recombination
time, respectively. Here Pφ(k; ) is the power spectrum of the gravitational potential of the matter perturbations.
The projection operator W (; rec) on the celestial sphere is given by W (; rec) = 1−=rec in a flat universe. The
approximation used in the derivation of equation (1) is valid as long as the gl=  1 is satised, and we numerically
conrmed this in the relevant scales. In practical observations of the CMB anisotropies, we must take into account a
nite beam size of a radio telescope by convolving the observed temperature fluctuation eld with the lter function:
~(θ; s) =
R
dΩθ′F(jθ−θ0j; s) ~(θ0): We adopt the Gaussian beam for F , and the angular Fourier transform is given
by F(l; s) = exp(−2s l2=2) where the beam size in terms of the full-width at half-maximum is s = fwhm=
p
8 ln 2.
Following the BBKS formalism [7], we introduce the parameters of the CMB angular power spectrum which char-
















We compute the two-point correlation function of local maxima in 2D Gaussian random radiation eld including
the gravitational lensing eect. At a hotspot, the gradients of temperature anisotropy, i  @=@xi, vanish and
the eigenvalues of the second derivative matrix, ij  @2=@xi@xj , are negative. Therefore, we need 6 independent
variables v = (; x; y; xx; xy; yy) to specify a local hotspot. Then, the probability density function (PDF) for












where Mij is the covariance matrix: Mij  h(vi − hvii)(vj − hvji)i, M = det(Mij), and M−1ij is the inverse of Mij .
We use the following notations [6{8]
  
0
; i  i
1
; X  −xx + yy
2
;
Y  xx −yy
2
; Z  2xy
2
: (5)
Including the gravitational lensing eect, now we can explicitly write down all nonzero components of correlations for
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(220 − 224) + 14(222 − 226); (6)
where we have dened,

























The quantities ijn and ijn represent the lensing eects on the CMB radiation eld. Here, we stress that the eects
on the gradient and second derivative eld of ~ are also included in our formulation. If we set ijn = ijn = 0 and
ijn = ijn, we readily obtain the components of the correlations in the absence of the lensing eect. Note that we
need the \intrinsic" angular power spectrum, Cl  S(l) (for l  1), to calculate ijn; ijn and ijn.
Employing the BBKS formalism, we can obtain the following correlation function of two hotspots above heights 1
and 2, respectively, which are separated by :

























d ~Z(2)( ~X2(1) − ~Y 2(1) − ~Z2(1))( ~X2(2) − ~Y 2(2) − ~Z2(2))
 p2(~(1); ~X(1); ~Y(1); ~Z(1); ~(1)i = 0; ~(2); ~X(2); ~Y(2); ~Z(2); ~(2)i = 0); (8)
where ci 
q















d ~Z( ~X2 − ~Y 2 − ~Z2) p1(~; ~X; ~Y ; ~Z; ~i = 0); (9)
where p1 is the PDF of one hotspot.
In the following, we show the results in the standard cold dark matter (SCDM) model with Ωm0 = 1 and ΩΛ0 = 0,
which are energy densities associated with the matter and a cosmological constant, respectively. We integrated the
equation (8) numerically. To compute the intrinsic angular power spectrum, S(l), we used the CMBFAST code
developed by Seljak & Zaldarriaga [10]. In the calculation of the dispersion (2) of gravitational lensing, we adopted
the BBKS transfer function [7] with an initial Harrison-Zel’dovich spectrum for matter fluctuations. We assumed that
the Hubble constant is H0 = 60km s−1Mpc−1 and the present baryon density is Ωb0 = 0:05.
In FIG. 1, we show the correlation function of hotspots of height above the threshold  = 1 with and without
gravitational lensing eect, ~pk−pk() and pk−pk(), respectively. We assumed 12:60 and 5:50 FWHM for the beam
size supposing upcoming experiments, MAP and Planck satellite missions, respectively. Then, we stress that the
intrinsic pk−pk can be calculated by using only Cl which is sensitive to the global geometry of the universe and
insensitive to the lensing. The dependence of the normalization of mass fluctuations is presented by the three choices
of 8 = 0:51; 0:8; 1:2. Here, we have taken into account the beam smearing eects on the lensing excursion angles
in the calculation of the dispersion (2) [11]. The pk−pk() has a prominent peak and a damping tail which rapidly
drops on the smaller angular scales than the peak-scale. In the numerical integrations (7), we set lmax = 6000 as the
upper bound for the convergence of the integration, and we have conrmed that the upper bound should be set to
lmax  3000 at least. One can readily nd that the gravitational lensing smoothes the prominent peak and, as a result,
causes the damping tail to drop less rapidly with decreasing  than that of pk−pk. This can be explained as follows.
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Since in a locally inhomogeneous universe a certain angular scale on the LSS which characterizes the oscillations of
pk−pk is observed at various angular scales for a random line of sight, the gravitational lensing causes the transfer of
power from the large angular scale to the smaller angular scales [4,5]. Furthermore, even the lensing eect on the valley
around 750 which corresponds to the 1st Doppler peak in Cl is distinguishable where the deviation ( (~ − )=)
reaches to  10% in the case of 8 = 1:2 altough C < 0:2% (see FIG. 2). Since the shape becomes plateau at larger
angular scale (> 800), both ~pk−pk and pk−pk give the same results. We also demonstrate the nonlinear corrections to
the matter power spectrum using the semi-analytic formulae developed by Peacock & Dodds [12] to clarify how the
nonlinear evolution of matter aects our analysis. For this purpose, we consider only the nonlinear correction to the
case of the COBE-normalized 8 = 1:2 [13] where the universe has too large power of small-scale matter fluctuations
at present. Even in this case, it is shown that the nonlinear correction is small. Most importantly, FIG. 1. indicates
that the feature of ~pk−pk on smaller scales than the peak-scale strongly depends on the amplitude of 8. The result
proposes a new powerful method of 8 measurement by detecting the magnitude of the gravitational lensing eect on
the correlation function of hotspots.
Finally, we present summary and discussion. We have investigated the gravitational lensing eect on the two point
correlation of hotspots above a certain threshold in the CMB, and found that it is suciently sensitive to 8. The
8 parameter holds the key to understanding the nonlinear clustering of dark matter in the present universe. The
conventional analyses of the CMB anisotropies will determine 8 up to only 20% accuracy by even most sensitive
experiments of the CMB anisotropies such as the Planck because the strategy strongly depends on the global shape
of matter power spectrum [1]. Recently, the analyses of the abundance of rich clusters of galaxies [14] have proposed
the most reliable determination of 8 using the analytic Press-Shecheter formalism [15]. However, this method needs
to model the nonlinear dynamics of system which consists of dark matter and baryonic component, and the model
still has complicated uncertainties. On the contrary, our method is expected to be insensitive to the shape of matter
power spectrum and is little aected by the nonlinear evolution of the large-scale structure. As we have shown, the
future satellite experiments, MAP and Planck, have a possibility to measure the 8 parameter with high accuracy
by using our method. For this purpose, we need to make more quantitative predictions including estimations of
observational errors. Especially, we will have to take into account uncertainties in identifying positions of hotspots
in the sky map of the CMB radiation eld on the supposition of practical observations. Then, we would set further
constraints on statistical properties of hotspots to remove indistinct hotspots which have only small eigenvalues of
second derivatives of temperature fluctuation eld. Finally, we comment on the so-called geometrical degeneracy
[1,16]. We have conrmed that the global shape of hotspots correlation function is sensitive to other cosmological
parameters such as H0 and Ωm0. Thus, we expect that our analysis which includes the gravitational lensing eect on
the correlation function yields an additional constraint on the 8 − Ωm0 plane and break the degeneracy. Therefore,
the degeneracy could be broken by observations of the CMB anisotropies alone. These works are now in progress and
will be reported elsewhere.
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FIG. 1. The correlation function of hotspots ξpk−pk vs. θ with and without the gravitational lensing eect in SCDM model expected
from Planck (left) and MAP (right). The solid line is the unlensed correlation function, while dotted, dotted-dashed and dashed lines
represent the corresponding lensing cases with σ8 = 0.51, 0.8, 1.2, respectively. The long-dashed line denotes the result including nonlinear
correction with σ8 = 1.2. H0 = 60km s−1Mpc−1 and Ωb0 = 0.05 are assumed. The threshold of hotspots is ν = 1 and the beam sizes are
assumed to be 5.50 and 12.60 FWHM for Planck and MAP, respectively.
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FIG. 2. The correlation function of hotspots and the two-point correlation function around the 1st Dopoler peak with and without the
gravitational lensing eect in SCDM model expected from Plank.
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